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Quantum
1-entropy
QGBt8
for more complete discussion see textbooks by Preshill or Wilde



Definition
run

Stp) = - trghgg = - § dieogdi

Basicpropertiesm
* S > 0

* Slp)=0 iff f is pure ,

f- 141141
= 110 ;)

S= - 110Gt - C 0kg0
= 0

*
St Sdi÷1) f- • in QFT ! )

* if V : It → It
'

is an

"

inserting
" V+V=1

,

then

slvpvt) = Sls )

Interpretation

51pA) = log / # auxiliary states required to purity SA )



For It = Ha ④ H☒ ,

FA
= trig LAB ,

etc
.

51pA) =

"

entanglement entropy
"

caveat : only directly related to entanglement if gang
is pure .

* sunbaddilzvitg :

Stears) I 51pA) + SHB)

b- conplementarysvbsystemsin

If farg is pure , then 51pA) = %)
orthonormal

Proof : n ra

Schmidt : 14> = Edi lift libs
,
di c- loop

in

with Nf min fdimlta
,
dim Hrs)

⇒
ga= Edi 1¥ fit

i

So = Eh? like § it
i

same eigenvals ⇒ SA=SB



* sisrongnsnbedditiits Ha④ It,☒Itc

S (B) + SIABC) { SCAB) + SCBCJ

RIEEI-nfopysfpt.to/=-trslogoi-trp1ogg
"

measures distinguishability
"

SHAJI ) = - trglgtn - Stp )
= log dimH - Stp)

"

measure of information content
"

Monotonicity :

51gal/ %-) E S /ftp.t/oAB)



MvtualT-nfor-maionIIA.BY= Steal -15GB) - Sba,)

= s(Sa☐HfA④fo)
"

measures correlation
"

(classical and quantum)

snvbanddilnvitg : I /A.B) 30

SSA_ I / A. B) E IIA ,
Bc )

This monotonicity of relent :

S /ftp.t/fA'0fps)fSlfArgcHfax0fBo )



Subregion Entropy in QM

N spins in chain:

• • • • • • - - -

→A- =e spins, 8kW

H :

span/ 10,0,
. . .gg , g. egg ,, y

Periodic Bc

classical /computational basis

14> = E Yo
,
. . .gr

19 " -on>
{oi}

92N ① numbers

A = { spins htl
,
. . ;h+l } ,

suppose local

In inst pure states
,

PA ' 12%29

so

51A) - l log 2
"

volume Law
" Su Vol

.

[draw picture ! ] 6kg2

• •☐•M•É•h• •



However, in the ground state of a heat Hamiltonian
,

correlations are short range
:

<oioj>
→ 0 as ti-j /→ no

"

a spin is only entangled w/ nearby spins
"

Then

const .D as Ii- j / → a grippedSIAI → { loge ugq_ped

Higher dim'ns : In ground state
,

51A) ~ Area

or

Area logR

Point Ground states of local Hamiltonians live in

a very special corner of Hilbert space



"

Matrix Product States
"

Thin . Anytdotate w/ staff 250 as Ii-j/ → no

can be written

iii.
..MY?jfy> = [ Mii

,

"
M
""
Mogo
,

Loi } to
,
. .

-

on>

where in = I . . . D= e%

NDZ 6 numbers K 2N as N → no

(
"

Data compression
"

/ RG
.)



Subregion Entropy in QFT

states

⑤
9 space

51pA ) is UV divergent .

All states are vacuum in UV
,
so set p= 10>601

51pA) = ¥-2 + e÷µ+ . . . + # bugs * finite

( even d)
non-universal only

C. scheme dependent)
coefficients = f Th F(Kab , hab)

0A

SfA) = SCB) ⇒ only even powers of Kwon

we must be very careful to only talk about scheme -independent

stuff in QFT !



Eianpk :

'
i ,

svbadditivitg :

I
i SA + SB ? SAB

' ' I 4ns -14ns 3 60

8- 3 60

trivial
Bata :

Spg -1 SABC ? SAB + SBC

☐7 x ☐ + ☐

4+8 3 6 +6

Nontrivial : constrains finite part .



Exampksin2dCFTm ( calc . later ! )

space
: 1

A
1 R

I

In vacuum :

non-Univ .

SIAI = § log (F) ( + const )
Luv cutoff

"

are'd divergence

In thermal state :

SIAI = g- log /¥ sinh I ]
e. up → geog &

lap → geog / III. e'
"

B) n §f¥ ) + const
.

"

volume law
"

in a thermal state
, stnlp)-Vol .extensivepartof.UA/~thermodynami#entropy
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